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ABSTRACT 13 

Regular changes in the environment and biological responses generate seasonal patterns 14 

in the reproduction in small ruminants. Breeding seasonality is a significant constraint 15 

impacting efficiency of lamb production. However, seasonality related traits present a 16 

special peculiarity from a statistical point of view being circular data (day of year running 17 

1:365). Recently circular mixed models have been developed on the basis of the von 18 

Mises distribution and were applied to analyze lambing day distribution recorded from 19 

five major Canadian sheep breeds (Rideau Arcott, Romanov, Dorset, Suffolk and 20 

Polypay). In a simulation study, the linear model was not able to capture the variance 21 

components simulated under the circular paradigm, however, the von Mises model 22 

evidenced its ability to infer the variance components of simulated circular records. 23 

Using real data of sheep, mostly negligible variances were observed for additive genetic 24 

effect when using a linear model on circular data values. In contrast, when using the von 25 

Mises model, genetic variances were different across breeds and it raises the possibility 26 

to delay the peak of reproduction and to change the seasonality of the ewes. However, a 27 

large variance was captured by flock-year effects emphasizing the strong influence of 28 

management in lambing seasons for Canadian sheep populations. Finally, the results 29 

suggest the potential of using the von Mises model to analyze circular data and further 30 

research is needed for better understand the complexity of this trait and the von Mises 31 

models. 32 

Keywords: circular data, lambing distribution, seasonality, sheep, von Mises   33 
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1 INTRODUCTION 34 

Regular changes in the environment and biological responses generate seasonal 35 

patterns (Battey, 2000). In agriculture, seasonality causes fluctuations in the availability 36 

of plant and animal products over the year. Seasonal reproduction patterns are recognized 37 

in small ruminants which significantly constrain efficiency of production (Notter and 38 

Cockett, 2005). Seasonal distribution of births in small ruminants results from seasonal 39 

variations in their sexual behaviour, spermatogenic activity, fertilization rates, and 40 

ovulation frequency, and in turn are consequences of the natural endogenous rhythmicity 41 

in combination with environmental factors such as photoperiod (Chemineau et al., 2010). 42 

Seasonality must be viewed as an inherited characteristic from the ancestral natural 43 

populations where animals give birth at the most favourable period for the progeny to 44 

survive (Chemineau et al., 2007). In fact, different degrees of breeding seasonality are 45 

observed from southern to northern latitudes in both sheep and goat species (Chemineau 46 

et al., 2010). Specifically, breeds in the tropics generally present a very low seasonality 47 

(Yenikoye 1984; Arroyo et al., 2007) whereas more marked seasonality is expressed in 48 

breeds in the temperate climates of northern countries with large photoperiodic variations 49 

(Chemineau et al., 2004, 2010). The variability between and within breeds indicates a 50 

genetic basis of reproductive seasonality; thus, genetic selection could be a feasible 51 

strategy to decrease seasonality, opening opportunities for farmers to adjust the breeding 52 

season of their flock all year-round.  53 

Seasonality related traits present a special peculiarity from a statistical perspective. 54 

Lambing dates (as day of year), for example, are distributed around a circular parametric 55 

space of a yearly basis (i.e., from January to December). Circular data is common in 56 
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biological studies (Landler et al., 2018) such as processes within time-related biological 57 

rhythms (Cancho-Candela et al., 2007; Gustafson and Partch 2015), diseases/infections 58 

(Mooney et al., 2003; Gao et al., 2006), and cardinal points (Begall et al., 2008; 59 

Shimatani et al., 2012), among others. They differ by existing in a periodical closed space 60 

in a real or virtual circle from 0º to 360º (0 to 2π radians). With their periodic nature, 61 

measurements at 0◦ (0π) and 360◦ (2π) are overlapped and not located at opposite ends 62 

of a linear scale.  63 

In animal breeding, circular data have not received attention because of complicated 64 

statistical analysis and the general propensity of animal breeders to transform non-linear 65 

to linear data (Erdem and Shi, 2011). Recently, Casellas et al. (2019a,b) derived the 66 

circular mixed model generalized from the Mulder and Klugkist (2017) circular model 67 

based on the von Mises distribution (Fisher, 1993). The circular model was adapted to 68 

include random sources of variations under the homogeneous variance model and also 69 

extended to account for partly genetic effects underlying the heterogeneity of 70 

environmental variance (i.e., canalization model) as proposed by SanCristobal-Gaudy et 71 

al. (1998) and Ibáñez-Escriche et al. (2008). In the context of canalization models, as 72 

seasonality is associated with a concentration of lambing in specific periods, the increase 73 

of the residual variance could be a hypothetical plausible strategy to reduce seasonality 74 

as proposed by Casellas et al. (2019b).  In contrast, selection for reducing the residual 75 

variance may potentially generate even more concentrated lambing peaks. Thus, the 76 

canalization circular model, with genetic sources of variation affecting the residual 77 

effects, offers opportunities for selection to increase residual variance and reduce 78 

seasonality (Casellas et al. 2019b). However, the circular model has not been tested with 79 
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simulated data or compared with traditional linear models yet. The objectives of this 80 

study were (1) to compare von Mises (circular) and Gaussian linear models using 81 

simulated data and (2) to estimate variance components of lambing distribution in 82 

Canadian commercial sheep populations, including five major breeds.  83 

2 MATERIAL AND METHODS 84 

2.1. Phenotypes 85 

Lambing date is normally recorded as day/month/year or as a Julian day relative 86 

to some start date. These can be converted to circular data by ignoring year. The lambing 87 

distribution over the year in sheep breeds represents the day of lambing rescaled from 0 88 

π (January 1st) to 2 π (December 31st). The lambing dates phenotypic records were 89 

collected from the Canadian commercial sheep population, including five major breeds: 90 

Rideau Arcott (99,716 records), Romanov (52,577 records), Dorset (118,070 records), 91 

Suffolk (96,054 records) and Polypay (37,136 records). The phenotypes included 92 

historical records of lambing from 1986 to 2019. The pedigrees contained between 93 

12,807 (733 and 5,204) and 47,818 (2,908 and 15,554) animals (with known sires and 94 

ewes, respectively) depending on the breed (Table 1). The number of generations ranged 95 

between 19 (Dorset) and 24 (Romanov; Table 1). The number of flocks ranged between 96 

80 (Polypay) and 736 (Suffolk; Table 1).  97 

2.2. Simulated data 98 

To evaluate the performance of the circular model, simulated data were generated 99 

using the real pedigree of the Polypay breed with 37,136 lambing records and 12,807 100 

individuals (including 733 rams and 5,240 ewes). The data were simulated following the 101 

model described in section 2.4. (Material and Methods). Thus, the phenotypes included 102 
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two fixed effects (age at lambing with 6 levels and lambing interval effects with 5 levels) 103 

and three random factors (animal additive genetic, animal permanent environmental, and 104 

flock-year effects). The two fixed factors were simulated by sampling effects from a 105 

uniform distribution of [π-0.25, π+0.25] and [-0.25, 0.25], respectively. Given our current 106 

lack of knowledge about circular data, arbitrary variance components were chosen to 107 

guarantee phenotypic records ranging approximately between 0π-2 to 2π+2 (i.e., 108 

covering the circular parametric space [0π, 2π] and allowing to simulate a cyclical pattern 109 

effect). Thus, random effects were assumed to be drawn from independent Gaussian 110 

distribution with mean 0 and variance equal to 1.00, 0.35, 0.75 and 1.50 for animal 111 

additive genetic, animal permanent environmental, flock-year and residual effects, 112 

respectively (Table 2). The phenotypes were simulated under a linear assumption (i.e., 113 

continuous from –∞ to +∞) and transformed to a circular space (i.e., 0 to 2π). This later 114 

were performed under the following conditions; when y < 0 then y* = y+2π and when 115 

y > 2π then y* = y-2π; where y and y* were the linear and circular records, respectively. 116 

A total of 10 replicates were generated under stochastic simulation.  117 

2.3. von Mises distribution 118 

The von Mises distribution is a continuous probability distribution on the circle 119 

developed by von Mises (1918) to address ‘cyclical error theory’ (Siegmund-Schultze, 120 

2006). This distribution is characterized by being wrapped around a circular parametric 121 

space from 0 to 2π. It is a close approximation to the circular normal distribution (the 122 

circular analogue of the normal distribution) and is characterized by its appealing 123 

mathematical properties (Pewsey, 2013). The von Mises probability density function is 124 

given by: 125 
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f(y|µ,κ)=
eκ×cos(y-µ)

2πI0(κ)
, 126 

where; yi is the circular record, µ is a measure of location (i.e., the mean), κ is the 127 

concentration parameter and I0(κ) is the modified Bessel function of order 0, i.e.,  128 

I0(κ)=∑
(0.25κ2)

i

(i!)2

∞
i=0 . 129 

The concentration parameter, κ, is analogous to the inverse of the variance of a normal 130 

distribution. If κ=0, the distribution is uniform, and if κ is large, the distribution becomes 131 

very concentrated about the mean (i.e., small variation). The circular variance of von 132 

Mises distribution is equal to: 133 

𝑣𝑎𝑟(𝑦)=
1 − I1(κ)

I0(κ)
 134 

where; I1(κ) is the modified Bessel function of order 1.  135 

2.4. Analytical models 136 

The analyses of lambing distribution were fitted as a trait of the ewe using the 137 

circular mixed model developed by Casellas et al. (2019a,b) within the context of BLUP 138 

(Best Linear Unbiased Prediction). This model relies on the von Mises distribution 139 

(Fisher, 1993) and where the circular phenotype was parameterized as: 140 

𝐲 = 𝐗𝐛 + 𝐙𝐚𝐚 + 𝐙𝐩𝐩 + 𝐙𝐟𝐟 + 𝐞 141 

where; y was the vector of phenotypic records, b, a, p and f were fixed effects, additive 142 

genetic, permanent environmental of the ewe and flock-year random effects with 143 

pertinent incidence matrices (X, Za, Zp and Zf), and e was the vector of the residual 144 

effects. Within the circular paradigm, the e refers to the circular residual term and, under 145 

a standard Bayesian approach, the joint posterior distribution of all unknown parameters 146 

in the model was defined as: 147 
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p(b,p,a,f,κ|y)∝p(y|b,p,a,f,κ)p(b)p(a|Aσa
2)p(Aσa

2)p(p|σp
2)p(σp

2)p(f|σf
2)p(σf

2)p(κ), 148 

where; A was the numerator relationship matrix. The likelihood of circular data becomes: 149 

p(y|b,a,p,f,κ)=∏
e

κ×cos(yi-(xib+za;ia+zp;ip+zf;if))

2πI0(κ)
n
i=1 , 150 

where; xi, za;i , zp;i and zf;i were appropriate row vectors of incidence inherent to the ith 151 

circular record (yi). Moreover, random effects, a, p and f follow a multivariate normal 152 

(MVN) distribution:  153 

p(a|A,σa
2) = MVN(0, Aσa

2), 154 

p(p|σp
2) = MVN(0, Iσp

2) and 155 

p(f|σf
2) = MVN(0, Iσf

2), 156 

where; I was an identity matrix. The variances (i.e., σa
2, σp

2 and σf
2) are scaled inverse 157 

χ2 distributions with hyper-parameters ν and S2. For κ and b parameters, a priori 158 

distributions can be stated as uniform between appropriate bounds: 159 

p(κ)=
1

γ
 (if κ ∈[0, γ] and 0 otherwise) and 160 

p(b)=
1

2π
 (if b ∈[0, 2π] and 0 otherwise). 161 

where; γ is a large enough boundary for κ. 162 

An additional model to analyze circular records in-depth is the extended circular 163 

mixed model with heterogeneous variance (canalization circular model) developed by 164 

Casellas et al. (2019a,b). This alternative model parameterized the dispersion parameter 165 

of von Mises distribution, κ, as follows: 166 

κi=exiβ+za;iα+zp;i𝛒+zʄ;iʄ, 167 

where; β, α, ρ and ʄ were fixed effects, additive genetic, permanent environmental of the 168 

ewe and flock-year factors affecting the dispersion parameter of the residual term, 169 
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respectively. Thus, this model assumes the presence of additive genetic effects (as fixed 170 

and other random effects) affecting the residual term (i.e., effects originated/controlling 171 

heterogeneous environmental variance; see Casellas et al. (2019a,b) for details). For 172 

lambing date, the ram may be a significant source of variation reflecting when the breeder 173 

put the ram with the ewes, however, analysed as a trait if the ewe, the ram effect will 174 

remain in the residual.  175 

2.5. Analytical process 176 

The analytical model accounted for year effect (from 1986 to 2019, i.e., 45 years), 177 

ewe age at lambing (<3, 3, 4, 5, 6 and >6 years) and lambing interval (first lambing, <210 178 

days, between 210 and 239 days, between 240 and 329 days, and ≥330 days). The number 179 

of levels for random effects for each sheep breed are presented in Table 1. The unknown 180 

parameters in the model were sampled from their marginal posterior distributions by 181 

Metropolis-Hastings (Metropolis et al., 1953) and Gibbs sampling (Gelfand and Smith, 182 

1990). Details about the Markov chain Monte Carlo algorithm are described in Casellas 183 

et al. (2019a,b). Three independent Monte Carlo Markov chains with 600,000 iterations 184 

were run for each analysis, where the first 100,000 iterations were discarded as burn-in. 185 

In addition to the mixed circular model (with homogenous variance) and canalization 186 

circular model (with heterogeneous variance), a Gaussian linear model was implemented 187 

in the analyses of sheep data. Models were compared in terms of goodness of fit by the 188 

deviance information criterion (DIC; Spiegelhalter et al., 2002).  189 

3 RESULTS AND DISCUSSION 190 

3.1. Phenotypic distribution of lambing date  191 
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The distributions of lambing dates of the purebred Canadian commercial 192 

populations are presented in Figure 1. The five breeds analyzed displayed a large peak 193 

of lambings between 0 and 1 radians (January–February on a calendar basis), with the 194 

exception of Rideau Arcott breed which presented more concentrated lambing records 195 

between 1 and 2 radians (March-April; Figure 1). In addition, most breeds showed 196 

lambings across the whole year although within a particular flock, different pattern were 197 

observed such as lambings being concentrated on specific periods depending on the 198 

flock, year and breed. The main difference was observed in the Suffolk breed where the 199 

incidence of parturitions was reduced (mostly null) between 3 and 4 radians (June-July-200 

August). The Suffolk breed showed more concentrated peaks of lambing (Figure 1), 201 

which is also evidenced by the small estimated circular variance (0.33) compared to other 202 

breeds (0.83, 0.75, 0.70 and 0.67 for Romanov, Polypay, Dorset and Rideau Arcott 203 

breeds, respectively). It is important to mention that a circular variance (Fisher, 1993) 204 

close to 0 corresponds to small variation, and a value of 1 implies maximum variation 205 

(i.e., uniform distribution). The low variance of the Suffolk population is a breed 206 

characteristic itself, as it is known by its generally poor out-of-season fertility (Dufour, 207 

1974; Jeffcoate et al., 1984) when compared to Polypay, for example (Notter, 2002), 208 

which has better out-of-season fertility (Hulet et al., 1984). In general, lambing 209 

distribution in the purebred Canadian commercial populations showed different ranges 210 

of phenotypic variances. 211 

3.1. Simulated data 212 

Results from analysis of simulated data showed the potential for using the von 213 

Mises model to infer effects and variance components of circular data. In Table 2, the 214 
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estimated genetic variance and the two environmental variances with the circular model 215 

were similar to the simulated values. For example, among the 10 replicates, the genetic 216 

variance ranged between 0.94 and 1.15, being close to the simulated genetic variance 217 

(i.e., 1 radians2). Similar behavior was observed for the linear model when continuous 218 

records were analyzed (i.e., the non transformed dates). However, when the linear model 219 

was applied to the transformed dates, the model was not able to capture the variance 220 

components simulated; all the parameters were underestimated with respect to the 221 

simulated values (i.e., 0.09 versus 1.00 for σa
2, 0.08 versus 0.35 for σp

2 and 0.07 versus 222 

0.75 for σf
2). Moreover, the residual variance from the linear model compared with the 223 

circular model was overestimated (2.49 versus 1.50; Table 2). The poor performance of 224 

the linear model was given to the assumed normal distribution of the effects in a linear 225 

scale. The use of von Mises distribution in the circular model, overcame these problems. 226 

Notice that the accuracy of predicting values was moderately high, e.g., the Pearson 227 

correlation coefficients between simulated and estimated genetic effects were ~80%. The 228 

circular model relies on using trigonometric functions in the von Mises distribution (e.g., 229 

cos(x)=cos(x+2π)). 230 

In addition, the circular variance based on Fisher (1993; 1-I1(κ)/I0(κ)) was lower 231 

than the simulated one. However, using a more linear approach, i.e., error =232 

arccos (cos (yi − (xib+za;ia+zp;ip+zf;if))); the residual variance was equal to the 233 

simulated one. Thus, both estimates must be taken with caution when interpreting the 234 

results under a circular paradigm. On the other hand, the circular model had better 235 

goodness-of-fit in terms of DIC when compared to the linear model. Thus, reductions up 236 

to 4,739.60 and 18,268.20 DIC units were observed for the circular model respect the 237 
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linear model with circular and continuous records, respectively (Table 2). Notice that 238 

differences between models > 3 DIC units are assumed as statistically relevant and 239 

suggest a better model fit and a lesser degree of complexity (Spiegelhalter et al., 2002). 240 

All the results support the importance of using the von Mises model due to its realistic 241 

framework for circular data. 242 

3.1. Variance components of lambing distribution in purebred Canadian 243 

populations 244 

Variance components of the lambing distribution using both circular and linear 245 

models for the purebred Canadian populations are summarized in Table 3. First of all, 246 

the circular model gave better goodness-of-fit than the linear model for the circular data, 247 

thus, displaying smaller values of DIC units with reductions ranging from 22,412.40 248 

(Polypay breed) to 92,962.14 (Dorset breed). Interestingly, no significant additive 249 

genetic variance was captured by the linear model in any of the sheep breeds. More 250 

specifically, a h2 ≤ 0.01 was observed for Suffolk and Romanov breeds and ≤ 0.003 for 251 

Rideau Arcott, Dorset and Polypay breeds. However, different genetic variances were 252 

captured by the circular model, being 1.26 (h2=0.19), 0.33 (h2=0.12), 0.10 (h2=0.03), 0.05 253 

(h2=0.02) and 0.001 radians2 (h2=0.001) for Romanov, Rideau Arcott, Polypay, Dorset 254 

and Suffolk breeds, respectively (Table 3). First, these results showed the importance of 255 

using the von Mises model for circular data to estimate the genetic background of 256 

seasonality of lambing date in sheep Canadian populations. Second, the different genetic 257 

variances observed across breeds suggest a genetic predisposition to advance or postpone 258 

the lambing season (or its distribution pattern) with different degrees in some sheep 259 

breeds. In addition, the variances of the permanent ewe effects showed similar 260 
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magnitudes of genetic variance, where the largest and null variance was observed in 261 

Romanov and Suffolk, respectively (Table 3). The repeatabilities observed were 0.35, 262 

0.22, 0.05, 0.03 and 0.001 for Romanov, Rideau Arcott, Dorset, Polypay and Suffolk 263 

breeds, respectively. 264 

On the other hand, the largest variances were captured by the flock-year effect, was 265 

3.34 (Romanov breed; Table 3), corresponding to 51.06% of the total phenotypic 266 

variance. This result showed the strong influence of management of the flock on lambing 267 

season for Canadian sheep populations. Moreover, permanent ewe and additive genetic 268 

sources of variation were mostly null under a linear model, the variance for flock-year 269 

effect ranged from 20.81% (Rideau Arcott breed; σf
2=0.57 and σe

2=2.15) to 31.95% 270 

(Dorset breed; σf
2=1.25 and σe

2=2.78) of the total phenotypic variance. It is important to 271 

mention that the use of flock-year-season effect instead of flock-year may generate a 272 

confounding factor between the observations and the flock-year-season effect when 273 

analyzing this trait. Notice that the seasons (corresponding to the date of lambing) and 274 

the observations (date of lambing) in some way are the same, thus, the flock-year-season 275 

effect should be taken with caution when analyzing with this type of traits.  276 

Regarding the canalization circular model (heterogeneous variance model), this 277 

model did not converge properly. In general, the results presented here provide a genetic 278 

component to delay the peak of reproduction, and taking into consideration the strong 279 

correlation of direct and residual effect reported by Casellas (et al. 2019b) using 280 

canalization circular model, this genetic variance opens opportunities for selecting for 281 

seasonality as well. The genetic basis of seasonality was different across breeds, the 282 

genetic variance being negligible in Suffolk and ranging up to a heritability of 0.19 for 283 
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Romanov breed. Nevertheless, these reported variances and heritabilities represent novel 284 

results when compared to the traditional linear model, to further study and better 285 

understand this trait and the von Mises models. Despite the linear model fails to identify 286 

additive genetic variance with the definition of lambing date (1:365) used in this study, 287 

we did not discard the existent of other transformations that may increase the 288 

performance of the linear model for this trait. Finally, the results obtained in this study 289 

emphasize the relevance of implementation of appropriate methods - von Mises model - 290 

for circular data to accurately estimate the variance components of circular records.  291 
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Table 1. The number of lambing records and individuals for each sheep breed.  388 

 389 

Table 2. Simulated and estimated variance components using linear (Gaussian 390 

distribution) and circular (von Mises distribution) models (averages across 10 replicates). 391 

†Parameter of concentration of von Mises distribution; ‡±Standard deviation; §Minimum 392 

and maximum estimates across 10 replicates; DIC: Deviance information criterion. 393 

¶Circular variance (1-I1(κ)/I0(κ); where I1 and I0 are the modified Bessel function of order 394 

1 and 0, respectively); ǂBased on the following residual effect: arccos (cos (yi −395 

(xib+za;ia+zp;ip+zf;if))). 396 

 397 

Table 3. Estimated variance components of lambing distribution for five different 398 

sheep breeds (three chains each breed). 399 

σa
2: genetic variance, σp

2: permanent environmental variance; σf
2: flock-year variance, κ: 400 

parameter of concentration of von Mises distribution; DIC: Deviance information 401 

criterion.  402 

†Circular variance (1-I1(κ)/I0(κ); where I1 and I0 are the modified Bessel function of order 403 

1 and 0, respectively); ǂBased on the following residual effect: arccos (cos (yi −404 

(xib+za;ia+zp;ip+zf;if))).  405 

 406 

Figure 1. Lambing distribution across the year for five purebred Canadian sheep 407 

commercial populations. 408 

 409 


